Phase transition is an important feature of SAT problem. In this paper, for random k -SAT model, we prove that as r (ratio of clauses to variables) increases, the structure of solutions will undergo a sudden change like satisfiability phase transition when r reaches a threshold point ( cr r r = ). This phenomenon shows that the satisfying truth assignments suddenly shift from being relatively different from each other to being very similar to each other.
Phase transition is an important feature of the SAT problem. Investigation on this phenomenon can help us to gain a better understanding of the SAT problem and design more efficient algorithms [3] . In the previous papers, several authors obtained the upper bounds for the phase transition point by studying the number of satisfying truth assignments. However, we can not give a complete analysis of the SAT phase transition if we only examine the number of solutions but do not consider the correlation among the satisfying truth assignments, because phase transition is not only a process of quantative change but also a process of qulitative change.
Selman [4] and Clark [5] investigated the difficulty of solving SAT instances by using complete algorithms and incomplete algorithms respectively. It was found that although the SAT instances in the over-constrained area have a smaller number of solutions, search cost for instances with the same number of solutions tends to be less than at the phase transition. Their results show that the number of solutions is not the only factor determining problem hardness. Since the nature of search algorithms is to find solutions in the space of assignments, the structure of solutions will also have a close relation with the hardness of search. But there is still some lack of studies about how the structure of solutions varies with r (ratio of clauses to variables). In this paper, we first define a parameter describing the extent to which the satisfying truth assignments are similar to each other, i.e., major similarity degree (definition 6). Then we prove that for random k -SAT model ( k ≥ ≥ ≥ ≥ 5), as r increases, major similarity degree will undergo a sudden change like the satisfiability phase transition when r reaches a threshold point ( r r cr = ). So we refer to this phenomenon as the phase transition of major similarity degree ( s mj phase transition for short).
Paper [3] pointed out that other forms of phase transitions should also be studied besides the Percent Satisfiable Difficulty phase transitions of satisfiability 1) and search cost. However, so far we know little about proving the existence of some kind of phase transition theoretically for the general k -SAT model.
Definitions and lemmas
We first give some definitions related to the SAT problem before starting to analyze the structure of solutions.
Definition 1 Conjunctive normal forms and the SAT problem
a) Let U be a given set of Boolean variables, ranged over by
c) If u is a variable of U , then literals u and ¬u are positive and negative literals respectively. The literal is denoted by L . d) A clause, denoted by C , is a set of literals combined only by connective ∨ . e) A formula in Conjunctive Normal Forms (CNF for short), denoted by Λ , is a set of clauses combined only by connective ∧ .
SAT problem is defined as follows: given a CNF formula Λ , the Satisfiability Problem (SAT for short) is to determine whether there exists a truth assignment that satisfies Λ . Random k -SAT formulae are obtained by choosing uniformly, independently and with replacement m clauses from the space of clauses with k distinct variables of U . Definition 2 Φ stands for a function that maps a truth assignment into a point in the space:
Each truth assignment can be uniquely mapped to a point in Euclidean space through the function Φ . For example, there are 2 n truth assignments for a CNF formula defined on U which correspond to 2 n points in n-dimensional space.
The correlation among truth assignments must be taken into consideration in order to study 1) Recently E. Friedgut made tremendous progress in proving the existence of the SAT phase transition. the structure of solutions. We first combine truth assignments into truth assignment pairs, and then introduce some new concepts to describe the relation between the two truth assignments in a truth assignment pair, such as similarity number and similarity degree.
is a truth assignment pair of U if and only if both i t and j t are two truth
satisfies a CNF formula if and only if both i t and j t satisfy this formula. In this paper, all the truth assignments and truth assignment pairs are defined on U , and the set that consists of all the truth assignment pairs is denoted by
is a truth assignment pair. If
are two different truth assignment pairs.
be a truth assignment pair of U . By definition 2 and definition 3 we have: The similarity number of a truth assignment pair is equal to the number of variables at which the two truth assignments of this truth assignment pair take the identical values. By definition 4, it is obvious that
The similarity degree of a truth assignment pair determines the extent to which the two truth assignments in this truth assignment pair are similar to each other, i.e., the ratio of the similarity number to the total number of variables. The larger the value of
, the more similar are the two truth assignments i t and j t . By definition 5, it is obvious that
First, we know
( 1 )
Given the total number of variables and the number of clauses, the probability of a truth assignment pair satisfying φ is only associated with the similarity number. The expression is as follows:
By definition 4, definition 5 and asymptotic analysis, we obtain the asymptotic estimate of
when n approaches infinity:
Let A s be the set of truth assignment pairs whose similarity degree is equal to s .
The cardinality A C s n n
We estimate the equation (4) by Stirling's formula: 
Sat denote the set of truth assignment pairs satisfying φ whose similarity degree is equal to s . It is obvious that the cardinality A s Sat is a random variable. The expected value of this variable is denoted by
Definition 6 Major similarity degree
Given r if s 0 satisfies the following condition
Then s 0 is major similarity degree that is denoted by s mj in this paper. s is not major similarity degree). Therefore, major similarity degree describes the extent to which the satisfying truth assignments are similar to each other. The larger the values of major similarity degree, the more similar are the satisfying truth assignments. 
( 9 )
Equation (9) gives a functional relation between r and the critical points. By examining the behaviour of this function we can get the relation between r and the maximum points, and so obtain the information about how major similarity degree behaves as r varies. To investigate the behaviour of r s ( ) , we first analyze its derivatives. 
If k ≥ ≥ ≥ ≥ 5, then 1 1 s r s r , major similarity degree will undergo a sudden change like the SAT phase transition (see fig. 3 ).
That is to say, there exists a threshold point r cr such that major similarity degree changes from a smaller value to a larger value abruptly when r crosses this threshold point. In this paper, the phenomenon of this sudden change is called the phase transition of major similarity degree ( s mj phase transition for short). The theorem and its proof are given below: 
The first derivative of ) (r F is as follows: . Therefore, theorem 1 holds.
Conclusion
Theorem 1 indicates that a phase transition phenomenon does occur for major similarity degree, which changes from a smaller value s cr 1 to a larger value s cr 3 abruptly when r crosses the threshold point r r cr = . By definition 6 in this paper, major similarity degree is a parameter describing the structure of solutions whose values show how much the satisfying truth assignments are similar to each other. The larger the values of major similarity degree, the more similar are the satisfying truth assignments. Therefore, this phenomenon of phase transition can be described as follows: as r (ratio of clauses to variables) increases, the structure of solutions will undergo a phase transition phenomenon when r reaches a threshold point ( r r cr = ), which shows that the satisfying truth assignments suddenly shift from being relatively different from each other to being very similar to each other.
This paper proves that there really exist other forms of phase transitions for the SAT problem besides the satisfiability phase transition. This is analogous to many kinds of phase transitions in nature, i.e., there will always occur some other phenomena of sudden changes as some kind of phase transition takes place. Although these phenomena behave in different forms, there often exist deep connections among them that reflect the nature of the phase transition from different aspects. Therefore, we should study the SAT phase transition from various angles in order to get a better understanding of the SAT problem. Since we still know little about proving the existence of some kind of phase transition theoretically for the general k -SAT model, this paper may give some new insight into this field.
